In the bootstrap approach to integrable quantum field theories in the (1 + 1)-dimensional Minkowski space, one conjectures the two-particle S-matrix and tries to study local observables. The massless sine-Gordon model is conjectured to be equivalent to the Thirring model, and its breather-breather S-matrix components (where the first breather corresponds to the scalar field of the sine-Gordon model) are closed under fusion. Yet, the residues of the poles in this breather-breather S-matrix have wrong signs and cannot be considered as a separate model. We find CDD factors which adjust the signs, so that the breather-breather S-matrix alone satisfies reasonable assumptions. Then we propose candidates for observables in wedge-shaped regions and prove their commutativity in the weak sense.
Introduction
Recently there have been progresses in the construction of (1 + 1)-dimensional quantum field theories with factorizing S-matrices in the operator algebraic approach [Lec03, Lec08, DT11, Tan12, BT13, LST13, LS14, Tan14, Ala14, BT15, AL16]. The basic idea is the following [Sch97] : while pointlike local observables are hard to construct, observables localized in an infinitely extended wedge-shaped region might be tractable and have simple expressions. It has been first implemented for a scalar analytic factorizing S-matrix [Lec08, Ala14, AL16] and strictly local observables have been shown to exist using a quite indirect proof that relies on properties of the underlying modular operators (for double cones above the minimal size). In this construction, the input is the particle spectrum of the theory, together with the S-matrix with certain properties. Construction of observables in wedges has been extended to theories with several particle species by Lechner and Schützenhofer [LS14] , including the O(N)-invariant nonlinear σ-models.
Recently, in [CT15, CT16, Tan16] , we further generalized this construction to scalar models with S-matrices which have poles in the physical strip. The poles in the S-matrix are believed to correspond to the presence of bound states (e.g. the Bullough-Dodd model). We also extended this construction to models with several particle species, where the S-matrix is "diagonal" in a certain sense. They include, e.g. the Z(N)-Ising model and the A N -affine Toda field theories.
In this work, we extend this last mentioned class of S-matrices to those which are modifications of the S-matrix of the massless sine-Gordon model by a CDD factor, and moreover restricted to a certain range of values for the coupling constant. This is again of diagonal type.
The massless sine-Gordon model has been conjectured to be equivalent to the Thirring model in a certain sense (Coleman's equivalence). In [BFM09] Benfatto, Falco and Matropietro proved the equivalence between the massless sine-Gordon model with finite volume interaction and the Thirring model with a finite volume mass term. The Thirring model has been also constructed by the functional integral methods [BFM07] . On the other hand, the massless sine-Gordon model has been expected to be integrable and its S-matrix has been conjectured [ZZ79] . Yet, in the rigorous constructions, the factorization of the S-matrix has not been proved (c.f. [BR16] , where the perturbative S-matrix with IR cutoff is shown to converge, yet its factorization has not been proved).
The conjectured S-matrix of the massless sine-Gordon model has been studied in the form factor programme [BFKZ99, BK02] . Certain matrix components of the pointlike local fields ("form factors") have been computed, yet the existence of the Wightman field are currently out of reach, because the expansion of the n-point functions in terms of form factors is not under control. Here, we are not dealing with the massless sine-Gordon model itself, but with a new model with the same fusion structure, that has not been considered before. It arises as a deformation of the "breather-breather" S-matrix of the massless sine-Gordon model by the multiplication of a CDD factor. The coupling constant is restricted here to a certain range of values, where there are only two species of particles involved (two breathers).
Our goal is to attain a realization of this model associated with this new S-matrix in the operator-algebraic framework, i.e. the Haag-Kastler axioms. In this framework, we construct candidates for wedge-local observables by extending the construction carried out in [CT16] . The question of strong commutativity remains open also in this model.
With the presence of poles in the S-matrix, the construction of wedge-local observables must be studied in a case-by-case approach, in contrast to the homogeneous construction for the analytic S-matrices [LS14] . This is due to the idea that simple poles in the S-matrix correspond to the bound states in the model, therefore, the wedge-local observables must reflect such fusion processes. We do this by introducing the operators which we call the bound state operators. Furthermore, higher order poles bring further complications and we need the existence of what we call elementary particles. Our proof of wedge-locality is based on a number of properties of the two-particle scattering function, and there is actually a infinite family of examples satisfying them, therefore, we have correspondingly an infinite family of candidates for quantum field theories.
The paper is organized as follows. In Sec. 2, we will introduce the model and fix the input scattering data, including the properties of the S-matrix. In Sec. 3, we exhibit our general notation for multi-particle Fock space, partially following Lechner-Schützenhofer [LS14] . In Sec. 4 we introduce the bound state operators χ(f ), χ ′ (g), we analyse their domains and symmetry properties as quadratic forms. In Sec. 5 we construct the fields φ(f ) and φ ′ (g) and show the weak wedge-commutativity between the components for "elementary particles". In Sec. 6 we conclude our paper with some remarks.
2 The deformed integrable sine-Gordon model
The factorizing S-matrix
In the conjectured integrable sine-Gordon model, the particle spectrum consists of a family of finitely many particles called breathers {b ℓ } [BK02] . It is also conjectured that, the sineGordon model is equivalent to the Thirring model, where the breathers are the bound states of soliton and the anti-soliton (the anti-particle of the soliton).
In the sine-Gordon model, the number of breathers depends on the coupling constant 0 < ν < 1 in the expression of the Lagrangian [BK02] . We will consider the coupling constant in the interval , and differently from the sine-Gordon model, we do not consider solitons and interpret that there are only two breathers b 1 , b 2 , by taking the maximal analyticity (see below) in a strict sense.
1 The masses of the breathers are given by m b ℓ = 2m sin , where m > 0 and ℓ = 1, 2. These particles are neutral and hence the charge conjugate of b ℓ (denoted withb ℓ in literature) is b ℓ itself.
In this case, the elastic two-particle scattering processes are characterized by a matrixvalued function with only non-zero components S
, where θ is the difference of the rapidities of the incoming particles. We will give explicit expressions for them in Section 2.2. They are the breather-breather S-matrix components of the sineGordon model multiplied by so-called CDD factors.
The particles b 1 , b 2 may form a bound state in a scattering process. We declare that the possible fusion processes are only of three types, (
On the other hand, (b 2 b 2 ) is not a fusion. The corresponding imaginary rapidities of the fusing particles are denoted by θ b 2 (b 1 b 1 ) for the first fusion, and θ
for the second two types of fusion. Correspondingly, we do not specify the rapidity θ (b 2 b 2 ) , since there is no fusion (b 2 b 2 ). The actual values will be given in Section 2.2.
In the same way as in [CT16] , to these fusion processes there correspond the so-called fusion angles, which determine the position of the simple poles in the components S
(ζ), corresponding to the fusion process (b 2 b 1 ) → b 1 , has a simple pole at 1 In the form factor programme [BFKZ99] , for a given 0 < ν < 1, there are K breathers, where K is the largest integer such that Kν < 1. Especially, if 1 2 < ν < 1, there is only one breather b 1 , differently from our case (we are indeed not considering the Thirring model).
, where
and the same holds for the S-matrix component S
(ζ). In our construction, the poles in the component S
(ζ) do not matter. We will indeed introduce the additional concept of elementary particle in analogy with [CT16] , and we assume the so-called "maximal analyticity" only for the elementary particle b 1 .
These angles correspond to s-channel poles and in the model under investigation they are explicitly given in Table 1 . The S-matrix components S
are meromorphic functions on C, which we present below. In addition, we will introduce the bound state intertwiners η
(there is no corresponding matrix element for (b 2 b 2 ), as this is not a fusion.) In a general non-diagonal case, they formally diagonalize the S-matrix components above at the corresponding pole, and their eigenvalues correspond to the residues. They were also defined in [BFKZ99] and more explicitly in [Que99, before Eq.(1.13)] and here we adopt a slightly modified convention, as below.
Scattering data
The input which specifies the S-matrix of our model is the following.
• The coupling constant ν, which is a parameter such that and the mass parameter m > 0 which determines the masses of the breathers (see below). For the value of ν in the range above, we consider two breathers, b 1 , b 2 . Indeed, K = 2 is the largest integer such that Kν < 2.
• The S-matrix components: S
are the breather-breather S-matrix components of the sine-Gordon model (see [BK02, Que99] ), and S CDD
are introduced as follows:
and expecting the bootstrap equation (see condition (S6) below), we also define and it is straightforward to see that these S-matrix components have no pole in the physical strip 0 < Im ζ < π.
• There are only three possible fusion processes (
is not a fusion. The corresponding rapidities of particles θ
and θ
are presented in the fusion table (Table 1) . We define the fusion angles by θ
The data collected above satisfy the following "axioms" (in general, these axioms involve the charge conjugation, but for breathers it is trivial,b 1 = b 1 andb 2 = b 2 ). In the following, k, ℓ = 1, 2.
(S1) Meromorphy. The functions S Table 1 , there holds
have only finitely many zeros in the physical strip and there is κ > 0 such that
(S9) Maximal analyticity (for b 1 ).
2 The component S
(ζ) has only two simple poles in the physical strip. They are at iθ (ζ) has also only two 2 We call this "maximal analyticity" because each s-channel pole at iθ Table 1 . It should be noted that this is required only for the S-matrix components containing b 1 , the "elementary particle" defined below.
simple poles, i.e. an s-channel pole at iθ
and a t-channel pole at iθ
have no double or higher poles in the physical strip, k = 1, 2.
(S10) Positive residue (for
Proof of the axioms.
• (S1)-(S6) and (S8). These properties are already satisfied by the S-matrix with components S SG
of the sine-Gordon model (and well-known in the literature). It is also straightforward to check that S CDD
(ζ) satisfy (S1)-(S5) and (S8). As for (S6), we have by construction
By the properties mentioned above (in particular, hermitian analyticity), we have
Similarly, the bootstrap for b 2 can be satisfied by construction.
Therefore, the products S
(ζ) satisfy them as well.
• (S7). It is easy to see that S SG
• (S9). The expression of S CDD
does not have poles in the physical strip, so the pole structure of S
, which is easy to check (and known in the literature).
• (S10) is violated in the sine-Gordon model, indeed
).
On the other hand, by counting the zeros on the imaginary line and by recalling that S CDD
∈ iR + as well, since we will see below that R
will play an important role, so we give them symbols.
and it follows that R
As before, we also introduce 3 the symbols η
by the following formula:
Furthermore, by convention, we set to zero any residues and matrix elements of the above type which do not correspond to a fusion in Table 1 . From the properties (S2)-(S7) of the S-matrix, there is a number of other properties of the fusion angles and of the residues that follow, and we refer for the proofs to [CT16, Sec. 2.1]. We would mention here only the following. The residue of the t-channel pole is related to the residue of the s-channel pole by R
, and that by (S2), R
From the equality R
and the parity R
, it also holds that η
Particle spectrum. Given the mass parameter m > 0, we define the masses of the particles as
They satisfy the following "fusion" rule:
As b 1 plays a special role in our methods, we call it an elementary particle as in [CT16, Sec. 2.1].
The physical Hilbert space
From the scattering data of Section 2.2, we construct basic mathematical structures for the wedge-observables in the quantum field theory on the S-symmetric Fock space. The construction can be thought of as a kind of deformation of a free field theory with the input given by the S-matrix. The single-particle Hilbert space accommodates the two species of particles:
An element Ψ 1 ∈ H 1 can be identified as a vector valued function with components θ → Ψ b k 1 (θ). On the unsymmetrized n-particle space H ⊗n 1 , there is a unitary representation D n of the symmetric group G n which, with θ θ θ := (θ 1 , · · · , θ n ), acts as 3 We use a slightly different convention from [Que99] : For a fusion process (αβ) → γ, we have η
where
The full Hilbert space H is H := ∞ n=0 H n with H 0 = CΩ, where H n = P n H ⊗n 1 and
, where Ψ n are S-symmetric functions, namely invariant under the action of G n . Finally, we denote by D the linear hull (without closure) of {H n }.
There is a unitary representation U of the proper orthochronous Poincaré group P ↑ + on H which preserves each H n ,
Additionally, there is an antiunitary representation of the CPT operator on H:
We consider test functions with multi-components and are chosen as g ∈ 2 k=1 S (R 2 ) with g b k ∈ S (R 2 ), and we adopt the following convention:
We note that
(θ) has a bounded analytic continuation in R + i(−π, 0) and |g
There is a natural action of the proper Poincaré group on R 2 and on the space of test functions, denoted by g (a,λ) , and it is compatible with the action on the one-particle space:
The CPT transformation acts also on multi-components test functions, which we denote by j,
, and this is again compatible with
Moreover, we introduce the complex conjugate of a multi-component test function by
and if g = g * , then we say that g is real and it follows that g
Zamolodchikov-Faddeev algebra
Similarly to [LS14] , creators and annihilators
(see [LS14, Proposition 2.4]) and they formally fulfill the following Zamolodchikov-Faddeev algebra:
They are opereator-valued distributions defined on D and bounded on each n-particle space H n when smeared by a test function. Let f ∈ k=1,2 S (R 2 ), we define
This multi-component quantum field 5 is defined on the subspace D of H of vectors with finite particle number and the properties listed in [LS14, Proposition 3.1] are fulfilled, as long as the analyticity in the physical strip is not used. We also introduce φ ′ , the reflected field defined for g ∈ S (R 2 ),
where z ′ , z ′ † are the reflected creators and annihilators z
For the class of two-particle S-matrices S(θ) with components which are not analytic in the physical strip θ ∈ R + i(0, π), we have [φ(f ), φ ′ (g)] = 0, namely, even the weak commutativity fails for φ, φ ′ . The goal of the present paper is to find alternative wedge-observables for the S-matrix of the sine-Gordon model.
The bound state operator
We introduce an operator χ(f ) similarly to [CT16] , which we again call the "bound state operator", whose mathematical structure corresponds to our fusion table, which is same as the breather-breather fusion processes in the sine-Gordon model with two breathers. In this model, the "elementary particle" is b 1 , and we restrict ourselves to the case where f b 1 is the only non-zero component of a test function f .
Definitions and domains
We define it as an unbounded operator on the S-symmetric Fock space H. Recall that for s < t, H 2 (S s,t ) is the Hardy space of analytic functions Ψ in S s,t := R + i(s, t) such that
as a function of θ for each λ ∈ (s, t) and their L 2 -norm is uniformly bounded for λ. For a multi-component test function f whose only non-zero component is f b 1 and is supported in W L , its action on H 1 is given as follows:
where η
are the matrix elements introduced in Sec. 2.2, see Eq. (3). Actually, θ
⊕2 , but we often keep the notation above for homogeneity. The full operator χ(f ) is the direct sum of its components χ n (f ) on H n :
Similarly, and as in [CT16] , we introduce the reflected bound state operator χ ′ (g) for a test function g supported in the right wedge W R . Again, its one particle projection for g having only one non-zero component g b 1 is given by
This operator is related to χ by the CPT operator J:
To see this, let us consider the one-particle components. By recalling the expression (6),
where l = 1 or 2 and k = 2 or 1, respectively, and we used that −iη γ αβ ∈ R. As J n commutes with P n , we have χ ′ n (g) = J n χ n (g j )J n . Since the whole operators χ(g) and χ ′ (g) are defined as the direct sum, the desired equality follows.
We give some more explicit expressions of Eq.ns (7) and (8) by applying them to a nparticle vector which we assume to be S-symmetric and in the domain of 
where k 1 , . . . , k n = 1, 2 and we applied our convention that η γ αβ = 0 if (αβ) → γ is not a fusion, and terms containing such η γ αβ should be ignored (even if it contains expressions such as Ψ(· · · , θ − iθ γ (βα) , · · · ) which can be meaningless, as it might be outside the domain of analyticity).
We have a similar expression for χ ′ (g):
Some properties
We remark here on some of the properties of χ(f ), noting that analogous properties hold by construction for χ ′ (g). For a multi-component real test function f whose only non-zero component is f b 1 which is real, we can prove that χ(f ) is densely defined and symmetric as follows.
By construction, χ 1 (f ) is clearly densely defined. To show that χ 1 (f ) is symmetric, we take two vectors ξ, ψ ∈ Dom(χ 1 (f )) whose components have compact inverse Fourier transform. One can show that these vectors form a core for χ 1 (f ). By recalling that η b ℓ b 1 b k = 0 unless k = 1, ℓ = 2 or k = 2, ℓ = 1, we compute on vectors ξ, ψ from the core:
where in the second equality we used the property f + (θ + iλ) = f + (iπ − θ − iλ) explained at the end of Sec. 3. In the third equality we used Cauchy theorem and performed the shift θ → θ + iθ
, since the integrand is analytic, bounded and rapidly decreasing in the strip R + i(0, π) due to ξ, ψ being the Fourier transforms of compactly supported functions and the properties of f + . In the fourth equality we used the properties π − θ
We can show that χ n (f ) is densely defined and symmetric by arguing as in [CT16, Proposition 3.1].
Furthermore, the operator χ(f ) is covariant with respect to the action U of the Poincaré group P ↑ + on H that we introduced in Section 3 in the following sense. For a test function f supported in W L and (a, λ) ∈ P ↑ + such that a ∈ W L , we can show that Ad U(a, λ)(χ(f )) ⊂ χ(f (a,λ) ). The key to the proof are the relations (5), see [CT16, Proposition 3.2] for details.
Weak commutativity
We introduce the fieldφ (f ) = φ(f ) + χ(f ) and its reflected fieldφ
in a similar manner as in [CT16] . For f with support in W L and such that f * = f , the fieldφ(f ) fulfills the properties listed in [CT16, Proposition 4.1], and a similar result also holds for the reflected fieldφ ′ (g). Regarding the domain ofφ, we note that, since the domain of χ(f ) contains vectors with finite particle number and with certain analyticity and boundedness properties (see Sec. 4), its domain is included in the domain of φ(f ), and therefore Dom(φ(f )) = Dom(χ(f )).
As already mentioned in [CT16] , the fieldφ(f ) has very subtle domain properties. In particular, because of the poles of S, after applying this operator to a vector (not the vacuum) in its domain, it generates a vector which is no longer in the domain ofφ ′ (g). For this reason, products of the formφ(f )φ ′ (g) andφ ′ (g)φ(f ) are not well defined, and we need to compute the commutator [φ(f ),φ ′ (g)] between arbitrary vectors Φ, Ψ from a suitable space (see below). Moreover, the commutator is smeared with test functions f, g with only nonzero components corresponding to b 1 .
We start by considering vectors Ψ
n in the domain discussed in Sec. 4.2. These vectors admit analytic continuation in the first variable, and actually a meromorphic continuation in each variable, to ±i πν 2 . We also note that for certain components Ψ b k 1 ···b kn n (θ 1 , · · · , θ n ), specifically in the case where two of the indices are equal, b k j = b k ℓ = α, we can infer the existence of zeros by the following computation:
Hence, by (S7) and (S4), Ψ
n has a zero at θ j −θ ℓ = 0. However, this does not imply existence of zeros for other components. Furthermore, in the proof of Theorem 5.1, we will encounter certain poles of S in the computation. Hence, we consider vectors from the following space:
) n , with a uniform bound and has a zero at θ j − θ ℓ = 0, ±iπ(1 − ν), ±iπ(
One can see that D 0 is dense as follows: we take
, and consider the set
. As C n is symmetric and it has zeros at the poles of S, the set above is a subset of D 0 . Furthermore, as C n is bounded and invertible on R n , M Cn maps a dense set to a dense set. The set
and the properties of D 0 , we can safely use analytic continuations in the proof of our main theorem.
Theorem 5.1. Let f and g be test functions supported in W L and W R , respectively, and with the property that f = f * and g = g * . Furthermore, assume that f, g have components f b k = 0 and g b k = 0 for k = 1. Then, for each Φ, Ψ in D 0 , we have
Proof. As in our previous works, we may assume that the vectors Φ and Ψ are already Ssymmetric. Furthermore, we recall that the domains of φ(f ), φ ′ (g) coincide with those of χ(f ), χ ′ (g), respectively, hence we have the following equalities as operators:
Therefore, the (weak) commutator [ φ(f ), φ ′ (g)] expands into several terms that we will compute individually.
This commutator has been computed in [LS14] and then simplified in the case where S is diagonal in [CT16] . Here, we briefly recall its expression:
By (S5) and the analytic properties of f ± , g ± explained in Section 3, the first term in the integrand is equal to the second term up to a shift of +iπ in θ ′ . Since S has some poles in the physical strip, we obtain residues from this difference.
We are considering test functions f, g whose only non-zero components correspond to b 1 . In this case, the factor S
appearing in the expression of the commutator have exactly two simple poles at ζ = iθ With the notation R
which are nonzero only for k = 1, k ′ = 2 and k = 2, k ′ = 1, by applying the Cauchy theorem, we get the contributions from the above-mentioned poles:
More explicitly, the possible terms from the above expression are given by the following.
We compute this commutator between vectors Ψ, Φ with only n-particle components and with f, g having only non-zero components of type b 1 . Recall the expressions of χ(f ) and χ ′ (g) in Sec. 4, where they are written as the sum of n operators acting on different variables, therefore, there are n 2 terms in each of the scalar products χ
Of these, one can show that the n(n−1) terms in which the above-mentioned operators act on different variables give exactly the same contribution, exactly as in [CT16] (this time the operators χ 1 (f ) and χ ′ 1 (g) are not positive, but χ(f ) ⊗ ½ ⊗ · · · ⊗ ½ and ½⊗· · ·⊗½⊗χ ′ 1 (g) are strongly commuting, hence we may consider their polar decomposition), which we denote by C, therefore, they cancel in the commutator and hence are irrelevant.
Following [CT16, P. 35], we exhibit the relevant parts (k k k := k 1 , . . . , k n where each k j can take 1, 2. Furthermore, if k j = 1, then we put k ′ j = 2 and if k j = 2, then k
where we used (9) and (10), exploited that η
are the only nonzero combinations, then performed the shift θ j → θ j + iθ ). As θ j → θ j + iθ
(this does not depend on b k j : see Table 1 ), the integral contour might move across the pole when
, depending on the combination of b kp and b k j . But these poles are cancelled by the zeros of Ψ n , Φ n ∈ D 0 , hence the shift is legitimate and the result is L 1 (the integral is the inner product of two L 2 -functions). Similarly, we can compute the other term χ(f )Φ, χ ′ (g)Ψ in the commutator [χ(f ), χ ′ (g)] and obtain:
where we used (9), (10) and θ 
and similarly,
more precisely, (12a) cancels (13a), (12b) cancels (14b), (12c) cancels (13b), (12d) cancels (14a). This uses the following properties:
• The properties of fusion angles and residues, such as θ
• Eq. (3) and R
• f
Most of these properties are from Section 2.2.
to compensate it, while the pole at ζ = iπν is not reached by the shift. The commutators (15) and (16) cancel each other due to the property π − θ
These commutators are the adjoints of the previous ones, therefore, they cancel weakly by the above computations.
This shows the weak-commutativity property of the fieldsφ(f ) andφ ′ (g). While being already a major step towards the construction of the model in the algebraic setting, it would be important to obtain a proof of strong commutativity of these fields in order to construct the corresponding wedge-algebras and to prove the existence of strictly local observables through intersection of a shifted right and left wedge. The proof of strong commutativity is however a hard task because of the subtle domain properties ofφ(f ) as mentioned at the beginning of Sec. 5. We are in fact able to show thatφ(f ) is a symmetric quadratic form on a suitable domain of vectors, but it is not self-adjoint. Therefore, for the proof of strong commutativity, we would need not only to prove existence of self-adjoint extensions of the two fields, but also to select the ones that strongly commute. Some results in this direction are recently available in [Tan15, Tan16] in the case of scalar S-matrices with bound states (e.g. the Bullough-Dodd model), but these techniques are hard to extend to more general S-matrices.
Remark 5.2. Our proof depends only on the axioms and properties summarized in Section 2.2 and not on the specific expressions of the S-matrix. This implies that our construction and the proof of weak commutativity work as well if one considers S-matrix such as
is a factor as in (1) with (possibly different) parameters ν j,± , and N is an odd number (this is necessary to maintain (S10)). Therefore, we have abundant candidates for integrable QFT with the fusion structure considered in this paper.
Concluding remarks
We have investigated the construction of integrable models with bound states in a series of two papers [CT15, CT16] . In the second paper the construction methods introduced in [CT15] are extended to a class of models with several particle species and "diagonal" Smatrices with poles in the physical strip, which includes the Z(N)-Ising model and the affineToda field theories as examples. This construction is based on finding observables localized in unbounded wedge-shaped regions to avoid infinite series that characterize strictly local operators. These strictly local observables, with some regularity condition on S, should be recovered by taking intersection of the algebras generated by observables in right and left wedges (c.f. [Lec08, AL16] ).
Here we considered a model which arises as a deformation of the massless sine-Gordon model with a parameter ν which corresponds to a certain range of the coupling constant, , with an additional CDD factor. As for the proof of weak wedge-locality, we need only some properties of the S-matrix components, and there are abundant examples, as we pointed out in Remark 5.2. As far as we know, that QFTs with such S-matrices have never appeared in the literature. It is an interesting problem to find (or exclude) a Lagrangian description of them (note that the CDD factors appearing here are necessary and our Smatrix cannot be considered as a perturbation of the sine-Gordon model in the sense of, e.g., [SZ16] ). In this respect, let us observe that we could find the sign-adjusting CDD factor only for the interval . This model falls again into the class of "diagonal" Smatrices, and in this sense, it can be regarded as an extension of the previous techniques investigated in [CT16] . This fusion table is the same as the restriction of the table of the Thirring model [Smi92, BFKZ99] to the breather-breather sector (note that it is called "the sine-Gordon model" in the literature in the form factor programme, e.g. [BFKZ99] , assuming the equivalence between them). Yet, the original breather-breather S-matrix of the Thirring model does not satisfy the positivity of residues (see Section 2.2), hence cannot be considered as a separate model. In this sense, the present paper highlights the really necessary properties of the S-matrix for wedge-locality and contains a new hint in the construction of interacting quantum field theories in the algebraic framework.
An interesting problem would be an extension of such a construction to integrable models with "non-diagonal" S-matrices, e.g. the Thirring model [BFKZ99] or SU(N)-invariant Smatrices [BFK08] . It would be interesting to show that weak wedge-commutativity holds at least for some of these models. They are currently under investigation. It should be noted that commutation relations of pointlike fields have not been proved for these models 6 . Our methods represent a complementary way of proving existence of local observables, which may work if the S-matrix components concerning elementary particles (solitons in the case of the Thirring model) have only simple poles, yet here several analytic questions (such as the domains of unbounded operators and the modular nuclearity) must be addressed.
Range of ν
The residue of pole of S
11
Comment 4/5 < ν < 1 −iR + No adjusting CDD factor found 2/3 < ν < 4/5 −iR + Adjusting CDD factors found 1/2 < ν < 2/3 −iR + There are three breathers if one requires the maximal analyticity within breathers. No adjusting CDD factor found 0 < ν < 1/2 iR + There is a breather b K for which Res Table 2 : Ranges of the coupling constant ν in the sine-Gordon model
As we mentioned in Section 2.2, the S-matrix studied in the present paper is a deformation of the S-matrix of the sine-Gordon model in the range of the coupling constant by a CDD factor. The reason for the CDD factor is the following: while the fusion table of the breather-breather S-matrix is closed under fusions, these S-matrix components cannot be considered as a separate model because the residues of some poles in the physical strip are on −iR + (see comment before Eq. (3)), which is not compatible with our proof. We note that also in the proof of local commutativity theorem in the form factor programme [Que99] this property is used, therefore, it must be adjusted in some way. Varying the range of the coupling constant ν, the situation is as pictured in Table 2 . In particular, as explained in Sec. 2.2, for 4 5 < ν < 1 there are no values of ν − and ν + which fulfill the required conditions after Eq. (2), and our simplest form for a CDD factor does not work. For 11 (ζ) ∈ iR + , there are other S-matrix components whose residues are in −iR + . We could not find a suitable CDD factor for this range as well.
Finally, the domain of the operator χ(f ) is considerably small, one can not only show that even the one-particle components χ 1 (f ) is not self-adjoint, see [Tan15] , but the domains of χ n (f ) must be somehow enlarged compensating the factor C n . We believe that these domain issues are fundamentally related with the complicated fusion processes of the models, hence deserve a separate study.
